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Abstract
An introduction to supersymmetric (SUSY) solutions dened on the product of
Ricci-flat spaces in D = 11 supergravity is presented. The paper contains some
background information: (i) decomposition relations for SUSY equations and (ii)
2−k-splitting theorem that explains the appearance of N = 2−k fractional supersym-
metries. Examples of M2 and M5 branes on the product of two Ricci-flat spaces are
considered and formulae for (fractional) numbers of unbroken SUSY are obtained.
1
1 Introduction
In this paper we start "SUSY investigations" of solutions with (intersecting composite
non-localized) p-branes from [2]-[13]). These solutions have block-diagonal metrics dened
on the product of Ricci-flat spaces M0 M1  : : : Mn and are governed by harmonic
functions on M0. Thus, we are interesting in a subclass of SUSY solutions >from [2]-[13]),
when certain supergravity theories are considered. Here we consider the case of D = 11
supergravity [1].
We note that for flat internal spaces and M0 the SUSY solutions were considered
intensively in numerous publications (see, e.g. [26]-[37] and references therein).
Recently certain SUSY solutions in D = 10; 11 supergravities with several internal
Ricci-flat internal spaces were considered [14]-[25]. Some of them may be obtained by a
simple replacing of flat metrics by Ricci-flat ones. We note that major part of these exact
solutions (regardless to SUSY properties) are not new ones but are special cases of those
obtained before (see [2]-[13], and references therein). (For example, the magnetic 5-brane
solution from [16] with N = 1=4 SUSY is a special case of solutions >from [2, 3, 4] etc).
Here we suggest a more general approach for investigation of the solutions to "Killing-
like" SUSY equations in the backgrounds with block-diagonal metric dened on the prod-
uct of Ricci-flat spaces M0  M1  : : :  Mn with arbitrary (though restricted) n. The
4-form is (tacitly) assumed to be a sum of p-brane monoms of magnetic and electric types.
The paper contains some background treatment: (i) decomposition relation for spin
connection and matrix-valued covector elds that appear in the SUSY equation; (ii) 2−k-
splitting theorem for k commuting linear operators.
Here we consider the simplest examples of M2 and M5 branes dened on the product
of two Ricci-flat spaces and obtain formulae for fractional number of SUSY. We also
consider the simplest M2 \ M5-conguration (dened on the product of flat spaces) to
show how the 2−k-splitting theorem works.
2 Basic notations
Now we describe the basic notations (in arbitrary dimension D).
2.1 Product of manifolds
Here we consider the manifolds
M = M0 M1  : : :Mn; (2.1)
with the metrics





where g0 = g0(x)dx
⊗ dx is a metric on the manifold M0 and gi = gimini(yi)dymii ⊗ dynii
is a metric on Mi, i = 1; : : : ; n.
Here g^i = pi g
i is the pullback of the metric gi to the manifold M by the canonical
projection: pi : M ! Mi, i = 0; : : : ; n.
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The functions γ; i : M0 ! R are smooth. We denote d = dimM ;  = 0; : : : ; n;
D =
∑n
=0 d . We put any manifold M ,  = 0; : : : ; n, to be oriented and connected.
Then the volume di-form
i 
√
jgi(yi)j dy1i ^ : : : ^ dydii ; (2.3)
and signature parameter
"(i)  sign(det(gimini)) = 1 (2.4)
are correctly dened for all i = 1; : : : ; n. Let Ω = Ω(n) be a set of all non-empty subsets
of f1; : : : ; ng (jΩj = 2n − 1). For any I = fi1; : : : ; ikg 2 Ω, i1 < : : : < ik, we denote
(I)  ^i1 ^ : : : ^ ^ik ; (2.5)




Here ^i = p

i ^i is the pullback of the form i to the manifold M by the canonical projection:
pi : M ! Mi, i = 1; : : : ; n.
2.2 Diagonalization of metric
For the metric g = gMN(x)dx
M ⊗ dxN from (2.2), M; N = 0; : : : ; D − 1, dened on the






N ; AB = 
AB = AAB; (2.8)
A = 1; A; B = 0; : : : ; D − 1.
We choose the following frame vectors
(eA M) = diag(e
γe(0)a; e

























; : : : ; 
(n)
anbn): (2.11)






−1e(1)m1a1 ; : : : ; e
−ne(n)mnan); (2.12)
where (e(0)a) = (e
(0)a
)
−1, (e(i)miai) = (e
(i)ai
ni
)−1, i = 1; : : : ; n.
Indices. For indices we also use an alternative numbering: A = (a; a1; : : : ; an), B =
(b; b1; : : : ; bn), where a; b = 10; : : : ; (d0)0; a1; b1 = 11; : : : ; (d1)1; ...; an; bn = 1n; : : : ; (dn)n;
and M = (; m1; : : : ; mn), N = (; n1; : : : ; nn), where ;  = 10; : : : ; (d0)0; m1; n1 =
11; : : : ; (d1)1; ...; mn; nn = 1n; : : : ; (dn)n.
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2.3 Gamma-matrices
In what follows Γ^A are "frame" Γ-matrices satisfying
Γ^AΓ^B + Γ^BΓ^A = 2AB1; (2.13)
A; B = 0; : : : ; D− 1. Here 1 = 1D is unit DD matrix. We also use "world" Γ-matrices
ΓM = e
A
M Γ^A; ΓMΓN + ΓNΓM = 2gMN1; (2.14)
M; N = 0; : : : ; D − 1, and the matrices with upper indices: Γ^A = ABΓ^B and ΓM =
gMNΓN .
2.4 Spin connection
Here we use the standard denition for the spin connection
!ABM = !
A
BM(e; ) = e
A
N 5M [g(e; )]eNB; (2.15)
where the covariant derivative 5M [g] corresponds to the metric g = g(e; ) from (2.8).
The spinorial covariant derivative reads





where !ABM = AA′!
A′
BM .
The non-zero components of the spin connection (2.15) in the frame (2.9) read
!a b = !
a
b(e
(0); (0))− e(0)aγ;e(0)b + e(0)bγ;e(0)a; (2.17)
!a aimj = −ije








i; j; k = 1; : : : ; n, where !a b(e
(0); (0)) and !aibimi(e
(i); (i)), are components of the spin
connections corresponding to the metrics from (2.10).
Let
AM  !ABM Γ^AΓ^B: (2.21)


















(i); (i)), i = 1; : : : ; n.
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3 SUSY equations













A ^ F ^ F; (3.1)
where c11 = const and F = dA is 4-form. Here we consider pure bosonic congurations
in D = 11 supergravity (with zero fermionic elds) that are solutions to the equations of
motion corresponding to the action (3.1).
The number of supersymmetries (SUSY) corresponding to the bosonic background
(eAM ; AM1M2M3) is dened by a dimension of the space of solutions to (a set of) linear
rst-order dierential equations (SUSY eqs.)
(DM + BM)" = 0; (3.2)
where DM is covariant spinorial derivative >from (2.16), " = "(z) is 32-component "real"







NΓPΓQΓR − 12NMΓP ΓQΓR)FNPQR: (3.3)
Here F = dA = 1
4!
FNPQRdz
N ^ dzP ^ dzQ ^ dzR, and ΓM are world Γ-matrices.
Remark 1. More rigorously, "(z) 2 R0;32G = (G1)32, where G1 is an odd part of the
innite-dimensional Grassmann-Banach algebra (over R) G = G0 G1 [38].
Here we consider the decomposition of matrix-valued eld BM on the product manifold
(2.1) in the frame (2.9) for electric and magnetic branes.
3.1 M2-brane.
Let the 4-form be
F = d ^ (I) (3.4)









i)[(1− 3lI)ΓmlΓ; − 3l0;ml ]Γ^(I); (3.5)
where l = 0; : : : ; n, m0 = , s(I) = sign(
∏
i2I det(e(i)miai)) and Γ^(I) = Γ^
1¯Γ^2¯Γ^3¯ with
(1; 2; 3) = (1i1; : : : ; (di1)i1 ; : : : ; 1ik ; : : : ; (dik)ik).
3.2 M5-brane.
Let
F = (0d) ^ (I); (3.6)
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where 0 is the Hodge operator on (M0; g0) and I = f1; : : : ; ng n I = fj1; : : : ; jlg, j1 <











[2ΓmlΓ; − 3l0(ΓmlΓ − ΓΓml); + 6lI¯ΓΓml); ]Γ^(f0g)Γ^(I);
where l = 0; : : : ; n; s(f0g) = sign(det(e(0)a)), Γ^(f0g) = Γ^10 : : : Γ^(d0)0 and Γ^(I) = Γ^1¯ : : : Γ^k¯
with (1; : : : ; k) = (1j1; : : : ; (dj1)j1; : : : ; 1jl; : : : ; (djl)jl).
3.3 2−k-splitting theorem
In next section some examples of supersymmetric solutions will be considered. In counting
the fractional number of supersymmetries the following (2−k-splitting) theorem is used.
Theorem. Let V be a vector space over K = R;C; V 6= f0g. Let Γ[i] : V ! V ,
i = 1; : : : ; k, be a set of linear mappings (operators) satisfying:
Γ2[i] = idV  1; Γ[i]  Γ[j] = Γ[j]  Γ[i]; (3.8)
i; j = 1; : : : ; k. Then




Vs1;:::;sk  fx 2 V jΓ[i]x = six; i = 1; : : : ; kg; (3.10)
are subspaces of V , s1; : : : ; sk = 1. Moreover, if there exists a set of linear bijective
mappings A[i] : V ! V , i = 1; : : : ; k, satisfying
A[i]  Γ[i] = −Γ[i]  A[i]; (3.11)
A[i]  Γ[j] = Γ[j]  A[i]; i 6= j;




s1; : : : ; sk = 1.




(1 + sΓ[i]); (3.13)
i = 1; : : : ; k; s = 1, satisfying
(P [i]s )
2 = P [i]s ; (3.14)
P [i]s + P
[i]
−s = 1; (3.15)
P [i]s  P [i]−s = 0; (3.16)
P [i]s  P [j]s′ = P [j]s  P [i]s′ ; (3.17)
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−1)  : : :  (P [k]+1 + P [k]−1) =
∑
s1;:::;sk=1




−s1 \ : : : \KerP [k]−sk : (3.19)
It may be veried using (3.13)-(3.18) that
Vs1;:::;sk = (P
[1]
s1  : : :  P [k]sk )V (3.20)
and the decomposition (3.9) holds. >From (3.11) and (3.13) we get
A[i]  P [i]s = P [i]−s  A[i]; (3.21)
A[i]  P [j]s = P [j]s  A[i]: i 6= j; (3.22)
i; j = 1; : : : ; k; s = 1. Let us introduce linear functions
As1;:::;sk : Vs1;:::;si;:::;sk ! Vs1;:::;−si;:::;sk (3.23)
v 7! A[i]v:
It follows from (3.20), (3.21) and (3.22) that these functions are correctly dened and
are bijective ones. This implies that all subspaces Vs1;:::;sk are mutually isomorphic. The
Theorem is proved.
We note that projector operators (3.13) with Γ[i] being a product of Γ-matrices were
considered previously in [36].
4 Examples of supersymmetric solutions
4.1 M2-brane.
We consider the electric 2-brane solution dened on the manifold
M0 M1 M2: (4.1)
The solution reads
g = H1=3fg^0 + H−1g^1 + g^2g; (4.2)
F = dH−1 ^ ^1; (4.3)
where 2 = 1=2, H = H(x) is a harmonic function on (M0; g
0) d1 = 3, d0 + d2 = 8, and
the metrics gi, i = 0; 1; 2, are Ricci-flat.
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4.1.1 Flat gi
Let us consider a special case of flat gi
















= aimi ; (4.5)
i = 1; 2.
It may be veried using relations from subsections 2.3 and 2.4 and formulae (4.4) and
(4.5) that the SUSY eqs. (3.2) are satised identically if
" = H−1=6"; " = const; (4.6)
Γ" = c"; c = sign; (4.7)
where
Γ = Γ^11Γ^21Γ^31: (4.8)
Here Γ is real-valued matrix satisfying Γ2 = 1, where 1 is unit 32  32-matrix. Let
A = Γ^10 . The pair Γ = Γ[1]; A = A[1] satises the conditions of the Theorem, and hence
for "1 2 R32 the dimension of the subspace Vc of solutions to eqs. (4.7) is 16. For "1 2 G321
(see Remark 1) the (odd part of) superdimension of the subsuperspace Vc from (4.7) is
also 16. This means that (at least) N = 1=2 part of SUSY is preserved.
4.1.2 Non-flat gi.
Here we put d2 = 0 in (4.1), i.e. we consider the metric on M0 M1:
g = H1=3fg^0 + H−1g^1g; (4.9)
with d1 = 3, d0 = 8, and the form from (4.3) where metrics g
i, i = 0; 1 are Ricci-flat; g0
has Euclidean signature and g1 has the signature diag(−1; +1; +1).
Let us consider Γ-matrices
(Γ^A) = (Γ^a(0) ⊗ 12; Γ^(0) ⊗ Γ^a1(1)); (4.10)
where Γ^a(0), a = 10; : : : ; 80 correspond to M0 and Γ^
a1
(1), a1 = 11; 21; 31 correspond to M1
and Γ^(0) = Γ^
10
(0) : : : Γ^
80
(0). The substitution
" = H−1=60(x)⊗ 1(y); (4.11)
Γ" = c"; c = sign; (4.12)
where Γ is dened in (4.8), 0(x) is a 2-component Killing spinor on M0 and 1(y) is a
16-component Killing spinor on M1, i.e.
D(0) 0 = D
(1)
m11 = 0; (4.13)
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(1), gives us a solution to
the SUSY equations.
We get from (4.10) that
Γ = Γ^(0) ⊗ Γ^(1); (4.14)






(1). Choosing real matrices Γ^
11
(1) = i2, Γ^
21
(1) = 1, Γ^
31
(1) = 3, (where
i are the standard Pauli matrices) we get Γ^(1) = 12, and due to eq. (4.14) the relation
(4.12) is equivalent to the following
Γ^(0)(0) = c(0): (4.15)
Hence the number of unbroken SUSY is (at least)
N = n0(c)n1=32; (4.16)
where n0(c) is the number of chiral Killing spinors on M0 satisfying (4:15) with c = sign,
and n1 is the number of Killing spinors on M1.
4.2 M5-brane
Now let us consider the magnetic 5-brane solution dened on the manifold (4.1),
g = H2=3fg^0 + H−1g^1 + g^2g; (4.17)
F = (0dH) ^ ^2; (4.18)
where 2 = 1=2, H = H(x) is a harmonic function on (M0; g
0), d1 = 6, d0 + d2 = 5 and
metrics gi, i = 0; 1; 2, are Ricci-flat.
4.2.1 Flat gi




diag(−1; +1; +1; +1; +1; +1). We also consider canonical frames dened by (4.5).
The SUSY eqs. (3.2) are satised identically if
" = H−1=12"; " = const; (4.19)
where " obeys to eq. (4.7) with
Γ = Γ^1¯Γ^2¯Γ^3¯Γ^4¯Γ^5¯ (4.20)
and (1; : : : ; 5) = (10; : : : ; (d0)0; 12; : : : ; (d2)2). Here Γ
2 = 1. Let A = Γ^11 . The pair
Γ = Γ[1]; A = A[1] satises the conditions of the Theorem. Hence we obtain that N = 1=2
part of supersymmetries is preserved.
9
4.2.2 Non-flat gi.
Let d2 = 0 in (4.17), i.e. we consider the metric on M0 M1
g = H2=3fg^0 + H−1g^1g; (4.21)
with d1 = 6, d0 = 5, where metrics g
i, i = 0; 1, are Ricci-flat, g0 has a Euclidean signature
and g1 has the signature diag(−1; +1; +1; +1; +1; +1). The 4-form (4.18) is modied as
follows
F = (0dH): (4.22)
Let us consider Γ-matrices
(Γ^A) = (Γ^a(0) ⊗ Γ^(1); 14 ⊗ Γ^a1(1)); (4.23)
where Γ^a(0), a = 10; : : : ; 50, correspond to M0 and Γ^
a1
(1), a1 = 11; : : : ; 61, correspond to M1
and Γ^(1) = Γ^
11
(1) : : : Γ^
61
(1). The substitution
" = H−1=120(x)⊗ 1(y); (4.24)
Γ" = c"; c = sign; (4.25)
where Γ from (4.20) reads
Γ = Γ^10 : : : Γ^50 = Γ^(0) ⊗ Γ^(1); (4.26)
with Γ^(0) = Γ^
10
(0) : : : Γ^
50
(0) gives us a solution to the SUSY equations. In (4.24) 0(x) is
4-component Killing spinor on M0 and 1(y) is 8-component Killing spinor on M1, i.e.
the relations (4.13) are satised. We put Γ^50(0) = Γ^
10
(0) : : : Γ^
40
(0). Then Γ^(0) = 14, and due to
(4.26) the relation (4.25) reads
Γ^(1)(1) = c(1): (4.27)
Hence, the number of preserved SUSY is (at least)
N = n0n1(c)=32; (4.28)
where n1(c) is the number of (chiral) Killing spinors on M1 satisfying (4.27) with c = sign,
and n0 is the number of Killing spinors on M0. A special case of this supersymmetric
solution with M0 = R
5 and M1 = R
2 K3, was considered in [20]. In this case N = 1=4
in agreement with (4.28) since n0 = 4 and (as can be easily veried) n1(c) = n[K3] = 2
(i.e. the number of chiral Killing spinors on R2  K3 is equal to the total number of
Killing spinors on K3). We remind that K3 is a 4-dimensional Ricci-flat Ka¨hler manifold
with SU(2) holonomy group and self-dual (or anti-self-dual) curvature tensor. K3 has
two Killing spinors (left or right).
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4.3 M2 \M5-branes
Here we consider solutions with two "orthogonally" intersecting p-branes (with p = 2; 5)
dened on the manifold
M0 M1 M2 M3 M4 (4.29)
to show how the Theorem works.






2 fg^0 + H−11 g^1 + H−12 g^2 + H−11 H−12 g^3 + g^4g; (4.30)
F = 1dH
−1
1 ^ ^1 ^ ^3 + 2(0dH2) ^ ^1 ^ ^4; (4.31)
where 21 = 
2
2 = 1=2; H1; H2 are harmonic functions on (M0; g
0), d1 = 1, d2 = 4, d3 = 2,
d0 + d4 = 4, and metrics g
i, i = 0; 1; 2; 3; 4, are Ricci-flat.
Let all gi be flat:










) = diag(−1; +1). We consider the frames from (4.5) with i = 1; 2; 3; 4.





2 "; " = const; (4.33)
Γ[i]" = ci"; ci = signi; (4.34)
i = 1; 2, where
Γ[1] = Γ^
11Γ^13Γ^23 ; Γ[2] = Γ^
1¯Γ^2¯Γ^3¯Γ^4¯Γ^5¯; (4.35)
(1; : : : ; 5) = (10; : : : ; (d0)0; 11; 14; : : : ; (d4)4).
Introducing the "complimentary" matrices A[1] = Γ^
10 and A[2] = Γ^
13 , we get from the
Theorem that the (super)dimension of the (super)subspace of solutions to eqs. (4.34) is
8, i.e. at least N = 1=4 part of SUSY "survives".
Remark 2. The congurations under consideration remain supersymmetric if the
functions Hi are arbitrary (not obviously harmonic ones). Thus, we are led to supersym-
metric eld sets that are not solutions to the equations of motion.
5 Conclusions
Thus here we considered the "Killing-like" SUSY equations for D = 11 supergravity in
the backgrounds with a block-diagonal metric dened on the product of Ricci-flat spaces
M0 M1  : : :Mn.
We obtained decomposition relations for ingredients of the "Killing-like" SUSY equa-
tions (e.g. spin connection, matrix-valued covector eld) and proved the 2−k-splitting
theorem for k commuting linear operators. We considered examples of M2 and M5
11
branes dened on the product of two Ricci-flat spaces and obtained formulae for a frac-
tional number of unbroken SUSY. Also p-brane M2 \ M5-conguration dened on the
product of four flat spaces is considered to illustrate how the "2−k-splitting" theorem
works.
Other examples (with several branes on the products of Ricci-flat spaces ) in dierent
supergravity models will be considered in a separate publications.
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